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Abstract. In [1] Optimal Control methods over re-parametrization for curve and surface design
were introduced. The advantage of Optimal Control over Global Minimization such as in [23] is
that it can handle both approximation and interpolation. Moreover a cost function is introduced to
implement a design objective (shortest curve, smoothest one etc...). The present work introduces
the Optimal Control over the knot vectors of non- uniform B-Splines using genetic algorithm for the
optimization of the cost function. Genetic algorithm allowed a simple implementation for highly
non-linear problems, handled singularities and gave better results than classical gradient based
methods on most of our examples.
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1 Introduction

Recall that a spline curveC(s) is defined by control points (also known as de-Boor points)di
and a knot vectort in the following way:

C(s) =
n−1∑

i=0

diNi,k(s) (1)

wherea ≤ s ≤ b, Ni,k(s), the spline basis functions [9], are defined over the knot vectort i.e.

Ni,1(t) =

{
1, for ti ≤ t < ti+1

0, otherwise

for k = 1 and
Ni,k(t) =

t− ti
ti+k−1

Ni,k−1(t) +
ti+k − t

ti+k − ti+1

Ni+1,k−1(t)

for k > 1 andi = [0, . . . , n− 1]
The following design problems will be examined:

Given a set of pointsP = P 0, . . . , P n−1 ∈ Rd, d = 2, 3 , generate a piece-wise-polynomial
curveC(s) that will solve one of the two design objectives:

• Interpolation : Interpolate through the given points (For a given parametrizations = (s0, . . . , sn−1),
createC(s) s.t.

C(si) = P i (2)

• Approximation : Find a curve thatC(s) that will pass as close as possible to the given set
of points. The distance is measured at the parameter valuess = (s0, . . . , sn−1). The closest
spline is defined by:

min
t,s

D(t, s) (3)

where

D(s, t) =
n−1∑

i=0

‖C(si)−Pi‖2 (4)

The curveC(s) is composed ofN ¿ n control pointsdi.
Both design problems have several degrees of freedom (d.o.f) - changing the knot vectorst

and the parameter valuess will create a different curves that will solve the design problem. The
problem studied here is how to exploit these d.o.f in order to optimize a certain fairing goal such as
to create an interpolating curve which’s curvature is minimal, or to reduce the approximation error
of the curve.

In this paper the framework suggested in [13] for solving the optimal control equations is re-
placed by a novel framework that uses genetic algorithm at the core of the optimization process.
This framework works for all non-uniform spline curves of any order as well.

A specialized genetic algorithm was used for the optimization process to achieve better opti-
mization results. The use of genetic algorithm enabled elegant and simple handling of a violation
of the Schoenberg Whitney condition (a description of this condition appear in section 3.1.1 and
in [4] and [22]), optimizing highly non-linear cost functions such as the elastic energy of the curve
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or minimizing the approximation error underL∞ norm, provided better results when compared
to gradient based methods and removed the need for computing partial derivatives, which can be
quite complicated and non-accurate in the case of the knot vectort. Finally, the resulting code is
simpler, shorter and more elegant than in the gradient based approach.

The paper organization is as follows: section 3 describes the mathematical aspects of this paper,
Section 4 describes the genetic algorithm used in this work. Some results and examples are shown
in section 5 followed by conclusions and future work in sections 6 and 7.

In all subsequent sections, a vector or a matrix will be denoted by abold character.

2 Previous Works

The quality of the approximation and/or interpolation of a set of pointsP j ∈ Rd, (d = 2, 3) by
a parametric curveC(s) depends on the choice of parameterss. Additional degrees of freedom in
the case of spline curves are given by the knot vectort.

The optimal parametrization problem has been extensively studied, see for instance Hoschek
[16] and Speer et. al. [23] The placement of the knot vector has not been treated as an opti-
mization problem, but rather as a local geometrical one, see Hoffman [15], Piegl [20] and Farin
[8]. A global optimization problem where all parameters (d, s, t) are treated at once together is
given in the pioneer work of Gengoux and Mekhilef [10]. A different approach is introduced in
Alhanaty and Bercovier [1] where the problem is defined in the setup of optimal control. This
allows the separation of the state variable (for instance the control polygon) from the control vari-
able (the parametrization). Moreover the algorithm deals with the classic case of control points and
generation of the discrete parametrization defined at those points . In [13] the case of knot vec-
tor variations was first considered, the optimal control problem was solved using gradient based
method this approach is somewhat limited due to the inability to work with highly non-linear cost
functions and maintaining robust results is quite complicated and expensive.

A first attempt to use genetic algorithms in CAGD is given in [17] and [18], where it is limited
to interpolation of Bezier curves and Hermite cubic splines, in addition the knot vector did not take
part in the optimization process and therefore only part of the available degrees of freedom were
exploited to find the optimal curve.

3 Mathematical Formulation

3.1 Optimal Control in CAGD

Optimal control in CAGD was previously presented in [1], here is a review of the formulation.
A control system is a system which is described by a variablex, called thestate variable. The

variablex depends on somecontrol variable u. Different values ofu define different states of the
system, where the relation betweenx andu is given by the solution to a given linear equation that
could involve differential equation

A(x,u) = 0 (5)

This is thestate equation.
Thecost functionJ(x,u) is a real-valued function describing some quality of the pair(x,u).

It is often given by an integral functional. Theoptimal control problem is to find a control̄u such
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that any statēx for whichA(x̄, ū) = 0 will minimize the cost functionJ(x, u), i.e.,

J(x̄, ū) = min(x,u){J(x,u) : A(x,u) = 0}.

3.1.1 State Equations and Variables

The state equation (equation 5) is either the interpolation equation or the approximation equa-
tion, both can be written as a system of linear equations:

M(t, s)× d = P (6)

WhereP = P 0, . . . , P n−1 ∈ Rd, d = 2, 3, is a matrix of size[n × d]. d = d0, . . . , dN−1 ∈
Rd, d = 2, 3, is the matrix of size[N × d] of the de-Boor points that define the curve. In case
of interpolationN = n, in the case of approximationN < n. M(t, s) is the collocation matrix
that maps between the input points and the de-Boor control points. Consider the collocation matrix
created for interpolation: given a parametrizations and a knot vectort one defines a curve passing
through a given set of points i.e.

P i = C(si)

where

C(si) =
n−1∑

j=0

Nj,k(si)dj

Since there aren basis function andn parameter values one can organize the above equation in
ann × n matrix M , whereM i,j = Nj,k(si). Note thatM is totally positive and banded with a
semi-bandwidth less thank, the order of the spline (as was shown in [6]).

The Schoenberg-Whitney condition [22] requires that each parametersj ∈ s, 0 ≤ j < n will
satisfy the following condition:

tj ≤ sj ≤ tj+k

wherek is the order of the spline andt is the spline’s knot vector. This is a necessary and sufficient
condition for the interpolation and approximation to exist and to be unique. When this violation
occurs the collocation matrixM becomes singular, therefore the state equations cannot be solved
and the cost associated with the particular configuration cannot be evaluated.

d the de-Boor points of the curveC(s) act as the state variablex in this work (equation 5).

3.1.2 The Control Variables

In [1] , the control variableu, was chosen to bes. In [13] t was introduced as the control vari-
able and experiments with alternating betweent ands were conducted. Up to know this choice was
not studied in CAGD because it results in a non-linear problem with possible singularities. In the
current work the knot vector and the parametrization are optimized simultaneously in the unified
approach described in section 4.1.2. Alternating between the knot vector and the paramertization
has been tested here as well as described in section 4.1.1.
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3.1.3 The Cost Function

The cost functionJ(x,u) is actually the design objective that one wishes to apply to the curve.
In this paper, the following cost functions were implemented:

1. Approximation error : Measuring approximation error is norm specific, in gradient based
methods usually theL2 norm is used (see equation 4) because it is derivable. There are
situations, however, in which measuring approximation error is more natural under theL∞
norm. Using genetic algorithm both equations can be optimized. The approximation error
underL∞ norm is:

J0 = max(‖C(si)−Pi‖), i = 0, . . . , m

2. Length estimation: Find the curve that approximates (or interpolates) the set of given points
and has the shortest length. In practice the following equation to approximate the length of
the curve was used:

J1 =
∫ b

a
‖C ′(s)‖2ds

The exact length measurement

J =
∫ b

a
‖C ′(s)‖ds

has been successfully used as a cost function, but since both terms resulted with similar
results,J1 was preferred due to lower computational cost.

3. Curvature estimation: Find the curve that approximates (or interpolates) the set of given
points and has the lowest curvature. In practice the following simpler functional was used.

J2 =
∫ b

a
‖C ′′(s)‖2ds

4. Elastic energy: According to D. Bernoulli (1742) the elastic energy stored in the thin elastic
beam is proportional to the integral (see [3]:

J3a =
∫ b

a
κ2(s)‖C ′(s)‖ds

Where

κ(s) =
|C(s)′ × C ′′(s)|

|C ′(s)|3

A desirable feature would be to minimize the maximal elastic energy over the whole curve:

J3b = max(κ2(s)‖C ′(s)‖), a ≤ s ≤ b
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3.2 Remarks on geometry of the parametrization and geometry of the knot vector

The classical “optimal“ parametrization problem consider afixed basis of spline curves, based
on a fixed basis of spline functions - consider for instance the approximation problem, the non-
linearity of the parametrization problem is actually due to the least square norm (equation 4),
based on the parametrization nodes (t). If the least square is performed on a large number of
nodes, their influence diminishes as one gets to be close to the actual continousL2 norm. Since the
basis functions are fixed, this continous norm is independent of the choice ofs.

By contrast the knot vector geometry determines a given spline curve basis, changing the knots
(up to a scaling factor) modifies the actual basis and as a consequence, it changes the functional
space where the approximation (respectively the interpolation) is performed. This is equivalent
to the idea of optimal node placement in the Finite Element Method ([24]) where the geometry
defines the basis. Here the optimum will be related to the data, even for continuous norms such as
L2 andL1.

Experiments show that using both the knot vector and the parametrization for the optimization
process provides better results than using either one of them by itself.

In addition to improving the optimization results there are several practical advantages for using
the knot vector as a control variable:

1. There are situations in which the parametrization is fixed and therefore it cannot be used in
order to achieve a design objective.

2. Low dimension: In global reparametrization the control points (de-Boor points (d)) were
incorporated in solving the problem, while here the knot vector, (t) is the control variable.
The advantage of the present approach is that the dimension of the search space is lower -
1D vector instead of 2D/3D vector yielding two or three times more variables to optimize.

3. Efficiency: In approximation problems, there areN given points andn de-Boor points and
N ¿ n, the size of the classical re-parametrization problem isN compared ton when using
the knot vector.

4 Framework Description

A genetic algorithm is an heuristic method that attempts to find the global optimum of a func-
tion by developing several potential solutions in parallel and repeatingly selecting the more fit
individuals from a populations and reproducing them, in order to obtain even better results. The
new offspring may be further altered by means of mutation. Each individual solution is encoded by
one or more chromosomes. This encoding is problem specific, in the current work a chromosome
is a vector of positive, real numbers, as will be explained later, for detailed definitions of genetic
algorithms terms see [11].

In order to combine the optimal control framework with a genetic algorithm, a ’mapping’ be-
tween the different terms must be made. The control variable,u , should be the chromosome, since
u is the variable that is changed in order to find the optimal solution to the cost function. The fit-
ness of the chromosome is determined by the cost function; the state equation must be solved for
each chromosome.

Since both the knot vectort and the parametrizations can act as the control variable,u , both
were encoded as chromosomes. Two approaches were examined: The first one optimized each one
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of the variables separately and alternately, for example: First the population of the knot vector has
been optimized - using a constant parametrization. The best knot vector was selected and was used
to optimize the parametrization population. This process was repeated in a loop several times. This
approach is called the’alternating approach’.

The other approach,called theunified approach, defines an entity with two chromosomes, the
first is the knot vector,t , and the second is the parametrization,s ). Using this approach both
variables were optimized at once.

The alternating approach can work fine with smaller population size since the optimization
problem is split into two smaller subspaces. The question of how many generations to use for each
optimization step is not clear, but has a certain effect on the results. The second approach does not
suffer from this problem. Moreover, since both the knot vector and the parametrization are evolved
at once the results were generally better using this approach. Larger population must be used in
the second approach for satisfactory results since the search space is larger. In practice, the two
approaches differ only in the algorithm outline and in the cross-over and mutation operators.

4.1 Algorithm Outline

4.1.1 The Alternating Approach

Input for the algorithm:

• State equation to be solved (interpolation/approximation) (equation 5).

• Cost function to be used for the fitness evaluation (one of the cost functionsJ0 - J3) .

• The inputs pointsP = P 0, . . . , P n−1 ∈ Rd(d = 2, 3).

The steps are:

1. Create initial ’seed’ for the knot vectors,t , population using the following heuristic methods:
uniform, average and ’optimal’.

2. ’Grow’ the knot vector population to the required size.

3. Create initial ’seed’ for the parametrization,s, population using the following heuristic meth-
ods: uniform, chord length and centripetal.

4. ’Grow’ the parametrization population to the required size.

5. While there is an improvement (in the fitness of the best gene in the population) do:

(a) Advance several generation of the genetic algorithm while using the knot vector as a
chromosome, while the most fit parametrization is treated as constant.

(b) Advance several generation of the genetic algorithm while using the parametrization as
a chromosome, while the most fit knot vector is treated as constant.

6. Return the resulting curve - described by the resulting knot vector and parametrization.
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4.1.2 The Unified Approach

Input for the algorithm:

• State equation to be solved (interpolation/approximation).

• Cost function to be used for the fitness evaluation.

• The inputs pointsP = P 0, . . . , P n−1 ∈ Rd(d = 2, 3).

The steps are:

1. Create initial ’seed’ for entities population, fromm1 heuristic methods to create knot vectors
andm2 methods to create parametrizations,m1 ×m2 initial entities will be created.

2. ’Grow’ entities population to the required size.

3. While there is an improvement (in the fitness of the best gene in the population) do:

• Advance a generation of the genetic algorithm while using both the parametrization
and the knot vector as chromosomes.

4. Return the resulting curve - described by the resulting knot vector and parametrization.

4.2 Creating the Seed Population

In the CAGD literature, there are several heuristic methods for generating initial knot vectors
and parametrization, non of them are optimal with respect to a certain cost function, though they
produce reasonable reasults, and, usually, ’visually pleasing’, curves (see for example [21]. Since
none of the methods is optimal for all possible curves, several heuristic methods were used to create
the initial seed population, this population was reproduced in order to create an initial population
of the required size by means of crossover and mutations. Figure 4.2.2 shows examples of the
different heuristic methods applied on the same input points.

4.2.1 Parametrization

The following methods were used to create the “seed” of the initial population. For a parametric
curve in the range [a,b], withn input pointsP = P 0, . . . , P n−1 ∈ Rd(d = 2, 3).

Uniform parametrization will be:

s0 = a
si = a + i b−a

n
for 1 ≤ i < n− 1

sn−1 = b

Chord length parametrization is:

s0 = a
si = a + Li(b− a) for 1 ≤ i < n− 1
sn−1 = b
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Where

Li =
∑i

k=1
‖ dk − dk�1‖

L

L =
∑n−1

i=1 ‖di − di�1‖
Centripetal parametrization is:

s0 = a
si = a + Li(b− a) for 1 ≤ i < n− 1
sn−1 = b

Where
Li =

∑i

k=1
‖dk − dk�1‖α

L

L =
∑n−1

i=1 ‖di − di�1‖α

α = 0.5 was used.

4.2.2 Knot vector

For a parametric curve in the range [a,b] of orderk (degree =k− 1) with n input points the knot
vector will havem = n + k elements. The following methods were used to create the “seed” of
the initial population.

Uniform knot vector

t0, . . . , tk = a

ti+k = a + i(b−a)
n+k−1

for i = 1, . . . , n− k

tm−k, . . . , tm = b

Average knot vectorcreates knots by averaging the parameters values (si’s) in their neighborhood:
given parametrizations = s0, . . . , sn−1

t0, . . . , tk = a
ti+k = 1

k

∑i+k−1
j=i sj for i = 1, . . . , n− k

tm−k, . . . , tm = b

’Optimal’ knot vector is an iterative method that was suggested in [5] that creates a knot
vector that is optimal with respect to a given parametrization, the method does not consider any
cost function or even the location of the input pointsP for the optimization. The Matlab function
optknt has been used to produce this knot vector.

4.3 Gene Encoding

One of the challenges of adapting a problem to be solved using a genetic algorithm is to con-
ceive encoding for the problem variable as genes that will be suitable for efficiently solving the
optimization problem.

Since both the knot vector,t, and the parametrization,s, have effect on the shape of the curve,
both are used as control variables. Therefore both were also experimented as chromosomes. By
definition the knot vector and the parametrization must be monotone vectors, the number of el-
ements in both remains constant during the optimization (we did not allow knot multiplication
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P0 = (0.1, 0.1)
P1 = (0.3, 0.7)
P2 = (0.4, 0.7)
P3 = (0.4, 0.6)
P4 = (0.5, 0.6)
P5 = (0.6, 0.1)

(a) The input
points supplied
by the user

element 0 1 2 3 4 5
Uniform 0 0.2 0.4 0.6 0.8 1.0
Chord Length 0 0.44 0.51 0.58 0.65 1.0
Centripetal 0 0.32 0.45 0.58 0.71 1.0

(b) The resulting parametrizations

element 0 1 2 3 4 5 6 7 8 9
Uniform 0 0 0 0 0.33 0.66 1 1 1 1
Average 0 0 0 0 0.45 0.58 1 1 1 1
Optimal 0 0 0 0 0.42 0.62 1 1 1 1

(c) The resulting knot vectors. Average and optimal meth-
ods used the centripetal parametrization as input.

(d) Examples for resulting curves, all
the curves use the same centripetal
parametrization, but differ on the knot
generation method: the dashed uses
uniform, the dotted uses average and
the solid curve uses optimal knot gen-
eration

Figure 1: Heuristic methods to generate parametrization values,s, (figure 2(b)) and knot vector values,t, (figure 2(c)). Figure
1(d) demonstrates how different knot selection creates different curves.

during the optimization). For simplicity, the curve’s parametric length was fixed and curve’s knot
started at zero and ended at the curve’s length. Because of the similarity in the requirements from
s andt same encoding was used for both variables. The following encoding was used in this work:
A chromosome was encoded by the intervals between two adjacent vector entries, i.e. each interval
can be seen as single gene in the chromosome. The sum of all the intervals in a single chromosome
was set to the curves’ length. This encoding enables creating mutation and crossover operators that
generate valid curves more easily. For example the encoding of the knot vector

t = {0, 0, 0, 0, 0.25, 0.7, 1, 1, 1, 1}
is

et = {0.25, 0.45, 0.3}
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Since the order and the parametric length of the curve are kept constant during optimization the
first and last multiplied knots does not have to be represented explicitly. Note that even though
both the knot vector and the parametrization were kept valid while optimized, the configuration
between a certain knot vector and parametrization might become invalid due to violation of the
Schoenberg-Whitney condition. This violation was not prevented by the defined operators, it was
penalized by the fitness evaluation.

4.4 The Population

The initial population was generated by creating several reasonable individuals using the heuris-
tic methods mentioned in section 4.2. Then the size of the population was increased by reproducing
the seed population to the required size using crossover and mutation operators. The size of the
population that was used was proportional to the size of the problem i.e. to the number of knots or
parameter values. Because of the difference in the dimensions of the search spaces in the two ap-
proaches, the size of the population was different in the two approaches. In the unified approach a
population of size5n worked well, while in the alternating approach, population of size2n sufficed
(n is the number of input points).

4.5 Fitness Evaluation

One of the cost functions in section 3.1.3 was used for the fitness evaluation, the lower the cost of
a certain individual, the higher its fitness will be. In order to evaluate the cost function the curve has
to be created, i.e. the interpolation or approximation equation must be solved first. If the solution
exists the cost function can be evaluated. Otherwise, a constant ,low, fitness will be assigned to
the invalid gene (this is equivalent to a regularization of a singular problems). As mentioned in
section 3.1.1, a violation of the Schoenberg-Whitney’s creates a singular configuration that cannot
be solved. This way the invalid configurations can share their genes with other genes, but with a
low probability. It is important not to totally eliminate these invalid genes because by doing that it
would reduce the search space and the quality of the results may be reduced. Moreover, violation
of the Schoenberg-Whitney condition is a local property, there may be segments of the curve that
may be fit and it would be inefficient to ignore them. Segments of the curve can be considered
schemates according to the definitions of Goldberg in [11].

When approximation was used as a state equation and the cost equation was other design ob-
jective (like curvature or length) both the approximation error and the design objective are to be
minimized. This results with multiple fitness function optimization. Several methods to handle
this situation were suggested in [2]. The simplest method of creating a linear combination of both
the design objective and the approximation error worked well and almost any reasonable coef-
ficient that scaled both terms to comparable sizes produced good results with regard to both the
design objective and the approximation error.

4.6 Selection Strategy

Selection strategy defines how to select two individuals for reproduction, i.e. to act as parents for
new offsprings. The ’Darwinian’ principle of ’Survival of the fittest’ guides the selection various
strategies to prefer the more fit individuals to pass their genes to the next generation. On the other
hand, selecting only the fit individuals to pass their genes may cause premature convergence of
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the population on a local minima. An example of a popular strategy is thetournamentselection
strategy (see /citegoldberg1) in which two indeces,i1 andi2 are randomly selected; then another
random number,0 ≤ r ≤ 1, is selected. Ifr < Ps, the individual with the higher fitness is
selected; otherwise, the other individual is selected. This strategy withPs = 0.75 worked well
for our examples. Other methods, such as Ranking, Sigma Scaling and Roulette Wheel were
experimented as well and provided similar results (see [19] for overview). Tournament is the least
expensive among all the methods in terms of computational cost.

Elithism, introduced by De Jong in [7], was used in addition to the selection strategy to forces
the GA to keep its most fit individuals at each generation.

4.7 Crossover

In nature, during sexual reproduction, recombination of chromosomes occurs: a single new
chromosome is combined from the chromosomes of both parents. Crossover is the operator that
defines how a new offsprings are created from two parents during reproduction phase. After two
parents were selected, crossover was performed with high probability,Pc, usually set to 0.7. A
variation of one point crossover was used: Randomly select and index,i, 1 < i < N . then create
the first offspring by copying all the invervals from the first parents in the ranges[0, . . . , i], then
copy the range[i+1, . . . , N ] from the second parent. The weakness of this strategy is that the sum
of the intervals of the new offspring won’t match the curves length (as required in section 4.3). In
order to deal with this problem, all the intervals were normalized so that their sum will match the
curve’s length. Even though this strategy creates offspring that does not resemble exactly neither
of parents for a part of the gene, it does keep the proportions between adjacent knot vector entries
or parametrization entries. In the unified approach the decision to perform crossover on either one
of the chromosomes was done separately. Even though this crossover operator distorts schemas,
it does keep the general shape of the curve segments because the normalization process does not
modify the intervals values drastically. The effect of this operator can be seen in figure 4.8.

4.8 Mutation

The mutation operator role is to add new variability to the population to the current population
by altering the new offspring created by the crossover operator. Uncontrolled mutation scheme can
create a chromosome that don’t represent a valid curves. In order for a chromosome to represent a
valid knot vector or parametrization, the chromosome must contain only positive values that sum
to the curve’s parametric length. For these reason the following mutation strategy was used: first
randomly select two indicesi, j into the vector of intervals (the chromosome), then select a random
numberr : 0 ≤ r ≤ min(u(i), u(j)); next substractr from u(i) and add it tou(j). Mutation is
applied with probabilityPm = 0.2, otherwise the new gene is left unchanged. In the unified
approach the decision to perform mutation on either one of the chromosomes was done separately.

After both offsprings are complete (both are after the crossover and mutation phase) the fitness
of both offspring is calculated and the stronger one is added to the population with probability 0.8.

4.9 Example

Assume we have the following knot vectors to be used as genes:

t0 = {0, 0, 0, 0, 0.2194, 0.3386, 0.4473, 0.5552, 0.6640, 0.7826, 1, 1, 1, 1}
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(a) The two parents: both
curves share the same
parametrization; the dashed
curve used uniform knot
vector, while the continuous
curve used ’optimal’ knot
vector (the curvest0 andt1)

(b) The gray curve are the par-
ents, the black curve is the re-
sult of crossover (the curvec0)

(c) The gray curves are the par-
ents and the offspring created by
my crossover, the black curve is
the result of the mutation opera-
tor on the offspring (cm0).

Figure 2: Example of crossover and mutation operators on the knot vector of the curves from section 4.9

and
t1 = {0, 0, 0, 0, 0.1429, 0.2857, 0.4286, 0.5714, 0.7143, 0.8571, 1, 1, 1, 1}

their encoding is

et0 = {0.2194, 0.1191, 0.1087, 0.1078, 0.1088, 0.1186, 0.2174}
and

et1 = {0.1429, 0.1429, 0.1429, 0.1429, 0.1429, 0.1429, 0.1429}
Assume thati = 3 was selected as the crossover split point. The two offspring will be (before
normalization)

ec0 = {0.2194, 0.1191, 0.1087, 0.1078, 0.1429, 0.1429, 0.1429}
and

ec1 = {0.1429, 0.1429, 0.1429, 0.1429, 0.1088, 0.1186, 0.2174}
After normalization the offsprings will become:

ec0 = {0.2231, 0.1211, 0.1105, 0.1096, 0.1452, 0.1452, 0.1452}
and

ec1 = {0.1406, 0.1406, 0.1406, 0.1406, 0.1071, 0.1167, 0.2140}
For the mutation ofec0 indecesi0 = 0 andi1 = 6 were randomly selected. A random number,

x, in the range0 ≤ x < min(0.1406, 0.2140) was selected to bex = 0.0628. x was subtracted
from 0.214 and added to 0.1429, Resulting with

ecm0 = {0.1512, 0.1406, 0.1406, 0.1406, 0.1071, 0.1167, 0.2033}
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ecm0 represents the following knot vector:

cm0 = {0, 0, 0, 0, 0.1512, 0.2918, 0.4323, 0.5729, 0.6800, 0.7967, 1, 1, 1, 1}

The curve that the knot vectorst0, t1, c0 andcm0 are displayed in figure 4.8.

5 Results

Figure 3(a) displays a turbine blade’s cross section. The cross section contains 140 points and
is approximated by 28 points, using a6th order spline, the cost function used wasJ2. The initial
curvature estimation was 8049 while the final was 4155. The approximation error has also been
reduced from 0.11 to 0.027 underL2 and from 0.15 to 0.015 underL∞. In figure 3(b) a close up
look on the curve is displayed; figure?? displays how the combined (J2 and the approximation
error) progressed with the generations.

6 Discussion

In the current work two approaches for solving the optimal control equations using genetic
algorithm have been demonstrated. The equations to be optimized suffer from highly non-linear
nature due to both non linearity of knot vector modification action and from the use of, possibly,
highly non-linear cost functions such asJ0 or J3.

In practice, both methods proved to be highly robust and handled well the non-linear problems.
The robustness of the method is due to the easy handling the violation of the Schoenberg-Whitney
condition. Moreover, creating the seed population from several heuristic methods ensures that the
population will start with reasonable and usually valid curves. Finally, the use of genetic algorithm
generated results which are substantially better than the best of the heuristic methods used to
initialize the population.

The unified approach provided slightly better results at the price of higher computational ef-
fort. This approach also allows more flexibility in the choice of the operators and in setting the
relationship between the knot vector and the parametrization. This flexibility can help tuning the
algorithm further in order to achieve even better results.

The approach of using a cost function to design the shape of the curve is usually a good strategy,
the usage of a genetic algorithm to solve the cost function proved as an efficient way to minimize
the cost functions. The main limitation is that the appropriate cost function must be still selected.
The results are much more reliable and better controlled than by using an heuristic approach, but
still can be unexpected sometimes. Another issue is the performance, the current implementation
is based on Matlab (as an interpreter). The optimization of the blade cross section shown in figure
8 took twenty minus on a Pentium IV 2.4 MHZ processor. The blade optimization had almost 200
d.o.f, and used a population of size 450. An efficient C implementation can be expected to perform
much better, but still a genetic algorithm won’t be suitable for interactive curve design programs
in the near future.

7 Future Work

The next steps for expanding this algorthim will be to use NURBS splines. This extension is
especially challenging because of the complexity of optimizing the NURBS’ weights. Another
promising direction would be to solve the optimal design problem for surfaces.
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(a) The tubrine blade cross section (b) A close up on the cross section,
both the approximation error and the
curvature have been improved, the
gray curve is the most fit curve among
the seed population
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(c) The resulting knot vectors. Aver-
age and optimal methods used the cen-
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Figure 3: Turbine blade cross section, the gray curve is the most fit curve among the seed population, the black curve is the most
fit individual of the last generation
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