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Abstract
In this paper we develop a simple variant of the belief propagation (BP) algorithm targeted towards
reducing the communication cost of broadcast supporting networks such as sensor networks. Our modified
algorithm can be proven to achieve identical computation results on each node, while at the same time
significantly reducing the number of transmitted messages. Furthermore, the number of computation
steps in each node is not increased. We pay in additional storage space, as each node saves the last
message received from each of his neighbors.
Many recent works in the field of sensor networks use the BP algorithm for solving various problems.
Our variant could be easily applied to any of these proposed systems, thus improving energy consumption
and running time. One of the important issues in sensor networks is how to minimize of the sensors’
energy consumption, reducing the number of transmitted messages by a large factor significantly improves
the energy consumption. Another advantage of our algorithm is a decrease in the number of transmission
slots needed, since in wireless environment acquiring a transmission slot can be costly in terms of time
and power.
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1.1

Introduction
Belief Propagation Algorithm

In this section we briefly outline the original max-product belief propagation algorithm. We will describe
the algorithm for the undirected graphs, although the modifications we propose can be easily applied to the
directed case as well. We relate to the max-product belief propagation algorithm. Similar arguments can
be used for the sum-product algorithm. We describe the Belief propagation for discrete variables. Similar
technique can be applied for the continues variable as well.
An undirected graphical model G consists of a set of vertices V and a set of edges E connecting them.
Each vertex vi is associated with a random variable (Xi ). We assume that the joint probability distribution
factors into a product of terms involving node pairs and single nodes. These factors are called edge potentials
psiij (Xi, Xj) and local (or self) potentials ψii (Xi ).
For the rest of this paper we use the term nodes to refer to vertices.
The max-product belief propagation algorithm [5] is a distributed inference algorithm that enables us to
calculate the marginal probabilities of the nodes, otherwise known as the ”beliefs”. It is a distributed messagepassing algorithm and is therefore suitable for communication networks [3, 2, 6]. The Belief Propagation(BP)
algorithm gives exact results on trees. We have no guarantee for the algorithm performance on graphs with
cycles. The input to the BP algorithm is a graphical model with self potentials ψii (Xi ) and edge potentials
ψij (Xi , Xj ). The output of the algorithm is the vector of node beliefs (posteriori probabilities). The algorithm
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is an iterative distributed message passing algorithm where messages sent between nodes are determined by
the following update rule:
Y
(t)
(t+1)
mki (Xj )
(1)
mij
= α max ψij (Xi , Xj )ψi (Xi )
Xi

Xk ∈N (Xi )−Xj

Where mij (Xj ) is a message sent from node Xi to node Xj , α is a normalization factor and N (Xj ) is
the set of neighbors of node Xj . Finally each node calculates the belief:
Y
mji (Xi )
(2)
bi (Xi ) = αψi (Xi )
Xj ∈N (Xi)

The algorithm converges when the node receives identical messages from all neighbors for two consecutive
rounds. In networks containing cycles the algorithm might not converge. However, in practice, there are
several applications where the algorithm produces very good results even for graphs with loops, for example,
the case of Turbo codes [?].

1.2

BP applications in sensor networks

Many recent works use the BP algorithm within a sensor network setting. For example, [3, 6] discusses
the task of self calibration of sensors: sensors calibrate their reading based upon their local neighborhood
to reduce inaccuracy of the sensors or noisy readings. [2] uses the BP algorithm for the aggregation of
information in sensor networks. Other works use BP for clustering [7], calculating averages [4] and for
hypothesis testing [1]. These works are given as examples of recent research in this area.

2

Our algorithm

Our algorithm is composed of two steps. In the first step - the broadcast step - each node broadcasts a
modified message to all of its neighbors. The second step is a correction step, in which each node computes
the original values it would obtain if the original BP algorithm where used.
We use the notation ni∗ to denote the messages in our algorithm, so as to avoid confusion with the
messages mij of the original BP algorithm. In the original algorithm, mij refers to a message from node
i to node j. In our algorithm each node sends a unique message using broadcast to all of its neighbors,
and so the notation ni∗ is used for an outgoing message broadcast from node i to all its neighbors. α is a
normalization constant.

Broadcast step: A single message ni∗ is broadcasted from node i to all of its neighbors.
Y
(t+1)
(t)
ni∗
= αψi (Xi )
nk∗ (Xj )

(3)

Xk ∈N (Xi )

Correction step: The original BP message mij is then calculated by node j using the received broadcast
messages.
(t)
maxxj ψij (Xi , Xj )ni∗
(t+1)
mij
=
(4)
(t)
mji
We assume that both BP messages and the modified algorithm messages are initialized with uniform values.
(1)

ni

(1)

= mij = v0 , v0 (i) = 1/K
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(5)

2.1

Algorithm Properties

Claim 1. The modified algorithm after the correction step achieves the exact computation result as in the
original BP algorithm for the same input.
Proof. It is easy to show using induction on t, the round number, that both algorithms generate the
same output after each round. For t = 1 the equivalence is trivial, since the self potentials are identically
initialized in both algorithms before the first round.
For the induction step, we assume that after round t in the modified algorithm the messages are calculated correctly, and we want to prove it for round t + 1. We note that in the modified algorithm, the message
(t+1)
ni∗
has two changes relative to the BP message. First, the edge potential factor, ψij (Xi , Xj ), is omitted
(t)
(see equation (1)). Second, we multiply all the incoming messages - including the message mji (which is
excluded from the multiplication in the original BP algorithm). In the correction step, we correct the calculation by first multiplying by ψij (Xi , Xj ) (i.e. by the initially omitted factor), and then by dividing by the
(t)
message mji . After applying these corrections we obtain the original BP message. The cost is an additional
O(d) storage where d is the node degree (or the number of neighbors which the node is within the wire(t)
less signal range of the node). This is because we now need to store the calculated message, mji from round t.
Claim 2. The computation needed by the modified algorithm can be computed locally without additional information, for any original message values.
Proof. In the correction step, nodes i and j both have mutual knowledge of their edge potentials ψij (Xi , Xj ).
(t)
Thus, node j can correct the computation by multiplying the edge potential with the incoming message n∗i .
(t)
Furthermore, it is possible to divide by the vector mji since this message was calculated and stored in the
previous round. We should only be careful that there are no zero values in the divisor. In case there are
zero values, we omit the matching row or column of the edge potential matrix.
Claim 3. The modified algorithm uses the same number of computation steps or less relative to the
original BP algorithm.
Proof. Since we moved the calculation of multiplication of the factor ψij (Xi , Xj ) locally from node i
to node j we did not change the total number of computation steps. Furthermore, our modified algorithm
Q
(t)
allows us to calculate the product Xk ∈N (Xi ) n∗i (Xj ) only once, thus saving multiplications on the sender
side (as opposed to the receiver side, which now has an extra division calculation for each neighbor). Calculating the product once is a standard implementation speedup for BP (e. g. Wainwright et. al in [8]).
Therefore, in total, the number of computation steps needed by our algorithm is equal or lower to the total
number of computation steps needed by the BP algorithm.
Claim 4. The number of messages sent using the modified algorithm is reduced by factor d, where d
is the average node degree in the graph.
Proof. In the original BP algorithm each node sends a message to each neighbor on each round. In
our algorithm we send only one message on each round and then calculate the original algorithm message
values and so we save a number of transmissions proportional to the average node degree in the graph. In
sensor networks this means a reduced need to acquire the communication medium and therefore savings of
energy and time.

3

A

A

Mab

Mba=Psi(B)Psi(B,A)McbMdb
Mbc=Psi(B)Psi(D,B)MabMdb

B

B
Mbd=Psi(B)Psi(D,B)MabMcb

Mcb

Mdb

C

D

C

D

Incoming
Messsage

Outgoing
Messages

BP Algorithm
A

A

Mba =Psi(B,A)Nb*/Mab

Na*
Nb*= Psi(B)MabMcbMdb
B

Mab=Psi(A,B)Na*/Mba
Mdb=Psi(D,B)Nd*/Mbd

Mcb=Psi(C,B)Nb*/Mcb

Nb*

Nb*

Nd*

Nc*
C

B

D

C

D

Incoming
Messsage

Mbd=Psi(B,D)Nb*/Mdb

Outgoing
Messages

Modified Algorithm

Mbc=Psi(B,C)Nb*/Mcb

Figure 1: Graphical comparison of both algorithms for a network of 4 nodes. Node B’s incoming and
outgoing messages are shown. The upper diagram shows the original BP algorithm messages while the lower
diagram shows the modified broadcast algorithm. Black arrows signify messages where red labels are local
computations made at the nodes. Mij is a message from node i to node j in the BP algorithm while Ni∗ is
a broadcast message in the modified algorithm from node i to all of his neighbors.

4

3

Conclusion

We presented a modified BP algorithm which allows each node to broadcast the same message to all its
neighbors. The modified algorithm exploits the broadcast network capabilities by sending a single broadcast
message to all neighbors, avoiding the need of sending a distinct message to each neighbor. Furthermore,
this algorithm reduces the number of computation steps needed at the cost of additional storage space in
each node.
We believe that this algorithm can be applied as a building block for a wide variety of systems which use
the BP algorithm in sensor network environments, in order to significantly reduce the energy consumption of
the sensors. The proposed algorithm is not restricted to sensor networks. It can be used in other broadcast
supporting networks like wireless and broadcast networks.
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